Abstract-Theoretical estimates of electron cyclotron shot noise in gyroklystrons have recently been confirmed at low currents. However, at high beam current, the noise temperature is always reduced. We examine the effect of transverse collective effects on the shot noise. There are two collective effects; shielding, which reduces the noise; and instability, which increases it. It is shown that the effect of transverse shielding is negligible unless the gyrotron beam is extremely cold. Regarding instability, if the bare shot noise amplitude is denoted 4, then the shot noise, including the effect of instability, can be expressed as 4(1 + exp 0), where 0 is the integrated growth. The effect of instability is then measured by two parameters, 0 and . For a cold gyrotron beam, is about 0.3, meaning about 10 dB of power growth is needed for the instability to manifest itself. Thermal effects both reduce and 0. For realistic gyrotron beams, about 20-25 dB of power folds would be necessary for instability to manifest itself. To summarize, the theory developed here explains the absence of instability in the measurements, but indicates that phenomena other than transverse shielding are responsible for the noise reduction.
I. INTRODUCTION
T HE NAVAL Research Laboratory (NRL) has recently developed several powerful gyroklystrons at 35 and 94 GHz [1] - [6] . The peak powers are about 100 kW, average powers can be as high as 10 kW, and efficiencies are typically 30%. The ultimate application envisioned is for drivers for high-power radars at these frequencies. Indeed, one such radar at 94 GHz, called WARLOC, is now in the final setup phase at NRL [7] . However for radar, important characteristics of the transmitter tube include not only the obvious ones of power, efficiency and bandwidth, but also the noise properties. One important source of noise is electron shot noise. That is the fact that beam is not a uniform fluid, but is composed of individual electrons that give rise to shot noise. These individual particles cyclotron radiate at their cyclotron frequency and some of this radiation is trapped in the cavity. For a gyroklystron, which amplifies a signal from cavity to cavity, this noise is most important in the input cavity, where it is largest compared to the input signal. In addition, this noise amplifies from cavity to cavity just as the signal does.
The analog to this noise in a linear beam is shot noise, where the fact that the current is a stream of individual electrons gives rise to standard shot noise. The magnitude of the square of the Manuscript received January 29, 2001; revised May 22, 2001 . This work was supported by Office of Naval Research.
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fluctuating current per unit frequency range is given by the standard shot noise formula
If the circuit is closed through a resistance , the power dissipated is (1b)
An initial theory has been developed for shot noise in a gyroklystron [8] . It considered the radiation into the cavity modes from bare electrons and did not consider any collective effects. If one expresses the noise per unit frequency in terms of an equivalent temperature, noise power per unit frequency is , one typically finds that the temperature is characterized by the transverse energy of the beam, as one might expect. In terms of the resistance, we find the resistance is a product of two resonant functions, which are independent of the current and particle charge. One involves the resonant properties of the cavity, and one involves the resonant properties of the single particle cyclotron resonance.
A series of experiments have measured the noise in the input cavity of a 35-GHz gyroklystron [9] , [10] . Interestingly, one finds that the theory and experiment (for noise temperature) agree at low current, but diverge from one another at high current. In fact, this agreement at low current provides what is probably the simplest way to measure the beam loaded frequency shift in a cavity [11] . For instance, Fig. 1 shows experimental plots, taken from [9] , of noise temperature, compared with theory, for the 35-GHz gyroklystron, as a function of current for two gyroklystron beams, one at 60 kV and one at 70 kV. It is important to note that the noise is reduced from the theoretical prediction at high current.
The question is what causes the reduction of noise with current, especially considering that the beam may itself be subject to electrostatic instabilities [12] - [17] that would normally enhance the shot noise. There appear to be three effects to consider 1) electrostatic shielding; 2) instability; 3) effects arising from the emission properties of the electrons in the diode. The first is well known in linear beam tubes [18] , the electrons may be highly correlated by their collective interaction, and this usually reduces the noise. It is analogous to the electrostatic shielding of test particles a plasma, which is normally calculated by plasma kinetic theory in the case of a stable plasma [19] . Basically, in the Fourier domain, the magnitude of a test charge and its current is reduced by the reciprocal of the dielectric constant of the plasma . In certain wide frequency ranges where is large, this substantially reduces the shot noise [18] in linear beam tubes. Regarding the second, the instability, the question is why the effect of the instability is so weak. The enhancement of shot noise by instability is a combination of two effects, the number of foldings, and the level the instability starts at. Regarding the third, the effect of the emission law can also be important in linear beam tubes. For space charge limited flow instead of temperature limited flow, the shot noise is greatly reduced. In the very simplest example, is determined by the space charge limit, so necessarily vanishes. Of course, other effects increase the shot noise from zero. This also has been well known in linear beam tubes for years [20] .
In this paper and a companion paper [21] , we examine the first two effects, which can be examined by assuming the beam is uniform or nearly uniform in the axial direction. This work is successful in that it explains why the effect of the instability is so small. However it is unable to explain the reduction in noise at higher current. In other words, we show that the dielectric shielding, which can be so important in linear beam tubes, is effectively absent in a gyroklystron. In a future work, we will examine the effects space charge on the mostly temperature limited emission and the associated reduction of the electron shot noise.
While the beam is nearly uniform in the axial direction, it has a strong radial structure. The most idealized beam, in fact, would have all guiding centers localized at one radius. In practice, the beams are a few Larmor radii thick. For instance in the experiment in [9] , the Larmor radius is about 0.1 times the guide radius. The work in the companion paper [21] emphasizes the radial structure. In doing so, it solves an integral equation in the radial direction and a differential equation in . This is a complicated numerical exercise, involving the simultaneous numerical solution of many coupled particle orbits. Furthermore, to simplify the problem even to this extent, the authors of [21] had to assume all particles traveled with the same velocity (but they allowed for variations in Doppler shift), so that the their calculation cannot deal with a thermal plasma. Since a thermal plasma, without shielding, gives about as much shot noise as a gyrotron beam, it is instructive to see whether shielding can reduce the shot noise in a thermal plasma.
It seems to this author that it is worth while, for several reasons, to also to look at the problem from a simpler point of view as well-that of normal plasma kinetic theory of infinite media in the transverse plane. First of all, this allows calculations for a thermal plasma. Second, the kinetic theory calculation is relatively simple, at least compared to that in [21] . While some numerical calculations may be necessary if one wants precise results, they involve only the evaluation of formulas, and no more. Since our goal is to show that the instability is not important in the experiments cited, we do not perform numerical evaluations of the formulas we derive, but confine ourselves to giving criteria for the neglect of the instability. Finally, the uniform media approximation is actually better justified for a gyrotron beam than one might think from considering the various scale lengths mentioned in the preceding paragraph. The main point is that the relevant dielectric constant of the gyrotron beam in the domain has no dependence on the perpendicular component of for the important ranges of . In the domain, this means that collective responses are localized to the source.
In this paper, we examine the effect of both shielding (assuming the plasma is stable) and instability on the shot noise using the uniform plasma model. We find that even for a cold gyrotron beam, some power foldings are necessary before the instability will be observed. Thermal effects decrease the effect of the instability in two ways. First they reduce the total growth in a given length, and second, they increase the growth required before the instability manifests itself. Since our principal conclusion is that the instability will not be observable unless there are a large number of foldings, we do not perform numerical estimates of the formulas for shot noise. Instead, we estimate the number of foldings it takes for the instability to become important, and show that for realistic gyrotron beam parameters, its effect would not be observable. Hence, this work and [21] are complimentary and give different views of the transverse collective effects on shot noise in gyroklystrons.
In Section II, we look at the dielectric properties of the electron distribution function for parameters of interest to the gyroklystron. We consider two cases, a stable Maxwellian plasma and an unstable loss cone plasma. While the stable plasma would generate about the same electron shot noise from the bare particles as the loss cone distribution, we expect the collective effects to be very different. Section III shows how to take the infinite media theory and adapt it to the geometric configuration of the gyroklystron. To calculate the way the bare particle effects are shielded by the other particles in the beam, one utilizes plasma kinetic theory [19] . This is almost always developed in the domain rather than the domain. In Section IV, we apply this theory to the gyroklystron. In Section IV-A, we consider a stable, thermal plasma. We will see that for parameters of the gyroklystron, there is virtually no shielding. Section IV-B discusses an unstable plasma, (i.e., a gyrotron beam). Here, we see that instability does increase the electron cyclotron shot noise. However, quite a few foldings are required before the instability will make a significant contribution to the shot noise. As a very rough rule of thumb, Section IV-B estimates that at the maximum current, the power must fold by about 20-25 dB before its effect will be significant. The most recent estimates of foldings predict considerably less than this [9] . Finally, it is known from theory and particle simulation that this instability saturates at relatively low level [12] , [17] . We show in Section V that this low level is still far above the amplification calculated here.
II. PROPERTIES OF THE HOMOGENEOUS ELECTRON PLASMA
Here, we model the electron beam as an infinite homogeneous plasma with number density and magnetic field in the direction. The relativistic electron cyclotron frequency is denoted by , the nonrelativistic frequency by , the particle distribution function in momentum space, normalized to unity is denoted . The plasma dielectric constant for a perturbation at frequency and wave number is given by (2) where is the electron plasma frequency and is the electron mass. The dispersion relation for electrostatic waves is . The experiments of [8] , use a 70 kV beam with a current of 0-10 amps propagating through a guide tube with radius about 0.7 cm, with a magnetic field is about 13 kG and a beam (perpendicular velocity divided by parallel velocity) of somewhat over unity. While an annular beam is used, this paper models it with a uniform plasma in the drift tube. The plasma frequency then depends on current, but maximizes at about s . For the Ka band gyroklystron, the nonrelativistic cyclotron frequency is about s , when the relativistic corrections are included, this is consistent with the measured frequency of about 35 GHz. Thus, in all cases (3) Because the plasma density is so low, all mode frequencies will be very near the cyclotron frequency and its harmonics. We confine ourselves to the fundamental frequency here, so of all of the terms in the summation in (2), we need only consider . We make one additional approximation relevant to the gyroklystron, namely that the important range of perpendicular wave number satisfies the condition (4a) (4b)
We will discuss this approximation more fully in the next section. With these approximations, the dielectric constant can be approximated as (5) Notice that for the range of indicated, is independent of . This greatly simplifies the calculation in the next section. Since the Fourier transform of a uniform function is a delta function, this means that in the domain, the response is local. That is, if the plasma has a slow variation in , it is reasonable to approximate the plasma response with the uniform plasma response, but evaluated locally.
To continue, we consider two cases: a thermal plasma and an unstable loss cone distribution. While the thermal plasma is not necessarily a realistic model for the gyrotron beam, it does provide significant insight because without instability, there can only be shielding.
The beam is then modeled as a non drifting thermal plasma whose temperature is about the beam energy, perhaps 70 kV. For the thermal plasma, the distribution function depends only on the magnitude of the momentum , and is a monotonically decreasing function of . Before deriving an approximation to , let us consider the denominator, . There is variation in this denominator due to the dependence of the relativistic cyclotron frequency on energy, and also due to the parallel velocity. As we will see shortly, the only s which contribute significantly to the shot noise are those less than about the reciprocal of about half the input cavity bunching length. For the experiment in [8] , this is a less than about 1 cm . If the beam parallel velocity is about 10 cm/s, then the variation in the denominator due to the variation in cyclotron frequency is greater than that due to parallel motion, and we simplify the system by neglecting the parallel motion in the denominators.
To evaluate , we make two additional simplifying assumptions to deal with thermal effects. To do the velocity integrals for the real part of , we assume that the distribution function is a top hat (6) To evaluate the imaginary part, we take the residue approximation for the denominator. Doing so, we find (7) where is the relativistic factor evaluated at , and is the nonrelativistic cyclotron frequency. Here , the resonant momentum in , is a function of frequency and is defined by the such that . If the frequency is above or below the minimum value of , there is no imaginary part of (7). For frequencies in between these values, the imaginary part of always gives rise to cyclotron damping because
We now consider the other case of the loss cone distribution function. For the distribution function, we take (8) where we have used a Lorentzian for the parallel distribution function instead of a delta function, so as to be able to qualitatively evaluate the damping from thermal effects. Using (8) for , we can do the momentum space integrals in (5) . Integrating the delta functions by parts, we find that for waves near the cyclotron frequency, the dominant terms are those which differentiate the resonant denominator (9) Here, is the velocity divided by the speed of light. The term is an added term to approximate the damping from a thermal distribution in . In the numerator of (9), the term arises from the dependence of the relativistic cyclotron frequency on energy. This is generated by the transverse bunching. It is destabilizing, and results from the negative mass effect. The term arises from the in the denominator. It describes the axial bunching, and is stabilizing because here, the mass is positive. If is very small, we find that the dispersion relation gives rise to waves with (10) where is very small and, for convenience, we have dropped the zero subscript on particle velocity. Note that we assume unstable waves start near the cathode somewhere and propagate with the beam; that is the instability is convective. Solving the dispersion relation, we find (11) Equation (11) shows that the wave is unstable if . That is, at each frequency, there is some magnetic field for which the wave is unstable. As increases or decreases from this value, the first term in the square brackets becomes more and more important, and, ultimately, the wave becomes stable. Thus, within the drift and field compression region, each frequency is associated with a range of magnetic fields, or equivalently, a range of axial positions, where the wave is unstable. In this region, the wave grows up from thermal noise. At the end of the region, the growth terminates and the wave begins to damp because of the Landau damping, until far away from the unstable region, the wave at that frequency is back at its thermal level.
Since we are interested in noise near the cyclotron frequency in the first cavity of the gyroklystron, we are concerned with electrostatic waves which have grown up in space from a region near the first cavity, that is waves which grow up near the end of the drift region. From the expression for the unstable wave number, along with a given value of beam parameters and magnetic field profile, one can calculate the total number of foldings in the unstable region. Various [8] , [9] authors have calculated this for various assumptions of beam current, field profile, and beam thermal velocity. For an 8 or 9 amp beam, estimates of the power folding range from a low of about 6 dB to a high of about 45 dB.
The authors of [9] find lower values of amplification, from what they believe is a more realistic model. However, even their results show predicted power amplification of from 6 to 12 dB, and one might think this would be easily observable. We will show here that in an unstable plasma, the spontaneous shot noise has to be enhanced very greatly by the instability before one would be able to observe it. That is, the unstable wave may grow to a very large value, but this is multiplied by a very small number when calculating its effect on shot noise.
III. SHOT NOISE IN THE AND DOMAIN
In a cavity like a gyrotron cavity, [8] evaluated the shot noise can be by calculating the excitation of a cavity mode by a single electron. Let us say that the cavity mode is characterized by a dimensionless electric field , where is an index distinguishing the various modes in the cavity. In the notation of [8] , the field is normalized by (12) where is the volume of the cavity. For the case of the shot noise in the NRL gyroklystron experiments, the mode is a TE mode in a circular cavity. The mode is characterized by an , with all other electric field components zero. That is (13) where length of the cavity; radius; first zero of . It is common to use a Gaussian to model the axial profile, the tail of it being an approximation to the field structure in the cut off drift tubes on both sides of the cavity.
Let us say that a current exists in the cavity for some finite time. This current, in our model will be that of a single electron transiting the cavity. Since the current is square integrable in time, its Fourier integral transform exists. This excites an electric field in the cavity given by . In [8] , it was shown that (14) where is the eigenmode frequency and is the cavity quality factor. To simplify the evaluation of , we evaluate at the beam position. Since the beam is placed at the maximum of , even if the beam is spread out, this will be a good approximation. Now, let us look into the nature of the current for a single electron transiting the cavity. We specify that at time , the particle crosses the position with transverse position and and and velocity given by and . For the actual orbit, we neglect cylindrical effects (that is ), so that the orbit is approximated as
The charge and current density of the test particle are (16) In these equations, the index also denotes a particular particle in the stream. It will be used as an index of summation later on. In [8] , we made use of quantities in the Fourier domain in time, so, (17) where ; it is a random phase associated with each particle. Using the theta current for the particle as expressed in (17), we can find and . Then for the single particle, we have (18) where we have kept only the terms resonant at the cyclotron frequency.
The cavity, of course, is excited by the stream of electrons in the beam current. While each electron excites the cavity for a finite time, the stream gives rise to a continuous excitation of the cavity. The phase for each electron is assumed random, so what we want is the ensemble average of the magnitude squared of the electric fields. In performing the ensemble average of the square of the summation, we arrive at a double summation over particles, with the indexes of the double summation being and . The ensemble average vanishes unless due to the assumption that the phases are uncorrelated. In the case of a cavity excited by shot noise, what we want is the spectral density of the electric field excited by the stream of particles.
The standard shot noise calculation relates these by the ergodig theorem to give (19) for the electric field and power. The quantity has dimension electric field squared divided by frequency, so it is a spectral density. Since is proportional to the fundamental charge, the spectral density is proportional to as appropriate for shot noise.
In this paper, we look into the currents generated not only by the single particle, but also by the beam (i.e., the plasma) in response to that single particle passing through it. These are the normal calculations of plasma kinetic theory [19] . These calculations are normally performed in the domain rather than the domain. Thus, we would like to begin by formulating the shot noise problem in the domain. To specify the notation, we say that any square integrable variable in the and domain is expressed as Here, we will ultimately do the mode integrals, for the stable plasma, in the and domains, so that we need the Fourier transform of . It is (21) As is apparent from (21) for , only very small contribute to the cavity shot noise. This then justifies the approximation, (4a). Regarding the perpendicular wave number, it is also clear that for high , the mode integral will be very small since is a smoothly varying function of . Thus, while all s are unstable, it is the smaller values which contribute most to the shot noise. This then justifies the approximation (4b).
The question is then how to take the uniform plasma theory and fit it into a gyroklystron configuration. Our basic approximation is that the beam is thick compared to the Larmor radius, so locally one can use infinite media theory. From the infinite media theory, using the local plasma density, we calculate the Fourier transform of the plasma current . We then do the inverse Fourier transform in the perpendicular plane to determine the plasma current in the , domain, and calculate (the test particle part plus the plasma current part) by integrating the total current times the mode structure in this , domain. In doing the Fourier transform to get the current in the domain, the fact that has no dependence on means the disturbances in are localized to where they are produced. This lends further credibility to the uniform plasma model.
The plasma is driven by the test particle potential, which is in turn driven by the test particle density. In the domain, the test particle density is obtained by taking the Fourier transform of the configuration space density given by (17) . We find (22) with the current related to the charge density as also given in (17) . Here, is the angle of the vector in the perpendicular plane. To determine the test particle potential, we use Poisson's Equation, . A simpler case which is illustrative is the entirely one-dimensional (1-D) plasma, where all spatial variation, all s and all velocities are only in the direction. The charges are then charge sheets, which for simplicity, we assume have a transverse area of unity. This plasma is necessarily unmagnetized. Let us imagine the cavity as two plates a distance apart, and the electric field of the cavity mode as being uniform in (like a TEM mode). In this case, using the subscript 1 for 1-D, and now expressing everything in the Fourier domain, (23) where in deriving we have made use of the delta function. The expression for the Fourier transform of is (24) Using (19) , but in the Fourier domain, we find the standard expression for shot noise in the appropriate limit of neglecting transit time effects, namely .
IV. SHOT NOISE IN A GYROKLYSTRON CONFIGURATION
Here, we derive the expressions for electron shot noise in a gyroklystron configuration. The calculations are straightforward, but tedious, and we do not include every step here. We first examine a stable plasma, and then an unstable plasma.
A. Shot Noise in a Stable Thermal Plasma
If a uniform plasma, in the domain is driven by an electrostatic potential, the standard result of integrating [22] over unperturbed particle orbits gives the perturbed distribution function (25) where the electrostatic potential includes the potential of both the test particle and the plasma itself. The quantity is (26) Here, is the azimuthal angle in velocity space [that is and are defined analogously to (15a)] and is the azimuthal angle in space. Here, we use and for velocity space variables of the test particle, and and for the velocity space variables of the particles in the distribution function. One can do the integral by expanding in terms of a double summation of Bessel functions as usual. One then does this integral to determine . Then, one relates the plasma potential to the distribution function through (27) In doing the momentum space integral in (27), the fact that the distribution function does not depend on collapses the double summation over Bessel functions to a single summation. Going through the manipulations, one arrives at the standard result (28) where is the plasma dielectric constant given by (2), (5) or (7). Inserting from (22) into (28) then allows one to calculate the perturbed distribution function of the plasma. (29) where the arguments of the Bessel functions are understood to be . To get the plasma theta current, multiply by and integrate over momentum. The summation over and reduce to a single summation when integrating over momentum space, and further reduce to a single term when considering , so
Now, we insert from (22) , and also make the small Larmor radius expansion. In the and , summations in (22), we keep only the term, because we want only effects resonant at the fundamental cyclotron frequency, and we keep only , because it is the lowest order term in an expansion in Larmor radius. Assuming that is in the range defined by (4a) and (4b), we find the contribution for the plasma part of is (31) where the or index on the cyclotron frequency denotes whether it is the cyclotron frequency of the test particle or of the particle in the plasma.
Note that in the large region, the asymptotic behavior of the Bessel functions would have the integrand falling off as for . Thus, the contribution from large k to the integral is small. In other words the asymptotic behavior of the Bessel functions effectively cut off the integrand for , and this then further justifies the approximation (4b). The area of space for is proportional to , or to , since is restricted to these small values. However, the total area of the space defined by the integrand is about , so the relative contribution of this small part goes roughly as . This then justifies the approximation (4a). The integral over perpendicular wave number now simply gives a delta function in , so the plasma response is determined locally in the transverse plane. The integral over is an integral over a delta function, and the integral over momentum space gives the dielectric constant again. Putting them all together, we find that (32) where we recall is given in (5) . Thus, the reduction in shot noise in the gyroklystron is quite analogous to that in the (1-D) plasma. The feature of the physics which governs this is the fact that the dielectric constant is independent of in the important range of , and this allows us to ultimately consider the system locally in .
Let us examine the magnitude of this dielectric shielding. The shot noise can only be reduced if . Using the approximation to the dielectric constant (7), we see that this can only be so if (33) For the parameters of the gyroklystron we have been considering, the right hand side of (33) is roughly , so that there can only be strong shielding in a very narrow frequency range, a range of less than 1% of the gyroklystron bandwidth. Thus, unlike the case of the linear beam tube, where there can be strong shielding at sufficiently low frequency [18] , for the gyroklystron, where , there is effectively no transverse shielding.
While we have considered shielding for a stable plasma, the same considerations apply to the unstable loss cone distribution, as long as we consider only stable frequencies. Even if a beam is an unstable gyrotron beam, we saw in Section II that if the frequency is sufficiently large compared to the local cyclotron frequency, the mode is stable due to the dominance of longitudinal bunching over transverse bunching. That is, the mode has a large value of parallel wave number. Thus, at magnetic fields low compared to the input cavity field, the beam is stable at frequencies corresponding to the cyclotron frequency in the input cavity. The wave number of the mode is about , so a mode at frequency is first unstable at a position in the drift tube is first potentially unstable where , or where . One can only have strong shielding in the stable region if there is large. This can only occur if the denominator in (9) nearly vanishes. Note that the denominator is squared, so unlike the case of the thermal plasma, i.e., (7), it could vanish over a large spatial region. However, the beam thermal velocity effectively prevents this. Taking parameters for a vanishing denominator in the stable region, where is large , we find that there can only be strong shielding in the stable region if (34) For the gyroklystron beams we have been considering, velocity spreads of a percent are easily sufficient to eliminate the shielding in the stable region. For velocity spreads much less than this, [21] shows that shielding in the stable region can play a role.
B. Shot Noise in an Unstable Plasma
The model we adapt for instability is that discussed in Section II, namely that the instability at a frequency starts at some critical magnetic field where it first becomes unstable, and then propagates along with the beam until the magnetic field increases so much that particular frequency is once more stable. Then the wave damps due to thermal spread on the beam. For the case of the gyroklystron, we are interested in fluctuations in the input cavity, that is, in fluctuations which become unstable upstream, and propagate into the input cavity before they damp out.
Here, we consider a homogeneous model of a such a convective instability. In this case, the local values are taken to be frequencies and parameters relevant to the input cavity. However the total growth, that is the total number of foldings, is now to be interpreted as the number of foldings between the position of onset of instability for that frequency, and the position of the input cavity. This determines the length of the plasma to consider.
Since we have shown that unless the thermal velocity is extremely small, there is no shielding in the stable regions of the plasma, our model is that bare test particles enter the unstable region and excite instability which grows toward the cavity. For the convectively unstable plasma, the fluctuations are no longer locally generated, but propagate in , so we work in the domain. As before, we ultimately perform the mode integral in the domain, but first work in the domain and later Fourier transform to find the fluctuations in .
The linearized Vlasov equation is
To solve this, we integrate along the unperturbed orbits the standard way. These orbits in the domain are given by
and (36c) where is the axial variable we integrate over, primed quantities denote the orbit, and unprimed quantities denote orbit values where . We find that is given by (37) where the s in the integral are evaluated at . The potential set up by the plasma is related to the potential by Poisson's equation (38) where is the portion of the perturbed distribution function driven by the plasma potential, and is the portion of the perturbed distribution function driven by the test particle potential. If there were no test particle, setting the left hand side of (38) equal to zero would given the dispersion relation for the homogeneous plasma. Now, we assume that the plasma is unstable. Then , with , is an eigenfunction of the left hand side of (38). We assume that the behavior of is dominated by the instability, so that an approximate solution of (38) is where varies slowly in . Inserting this expression for into (37) and performing some algebraic manipulations, we find that the left hand side of (38) is the sum of a number of terms. The dominant one turns out to be the one arising from because this is the only one which has a resonant denominator squared. The dominant part of the left hand side of (38) then turns out to be (39) Now, let us look at the right hand side of (38). First, we need the test particle potential, and this comes from the test particle density. With the test charge density, we then solve Poison's equation for the test particle potential. To do so, one uses a Green's function with boundary condition that the potential is localized at the source. That is the Green's function decays exponentially away with decay constant .
We then insert and we find the right hand side of (38), which involves an integral over both and momentum space. In the integrand, there are four summations over Bessel functions, two for the plasma particle and two for the test particle. The two plasma particle summations collapse to a single one upon integrating over azimuthal angle in momentum space and also by considering only terms resonant at about the cyclotron frequency. The two summations over test particle collapse as well by considering terms only resonant near the cyclotron frequency, and also taking only the lowest terms in a larmor radius expansion. Regarding the integral, there are various exponentials of and . We begin by considering the simplest distribution function, namely a delta function perpendicular and parallel momentum, and will consider thermal distributions later. In this case, all s and s are equal to one another (since ultimately all test particles are particles in the plasma) and so are the associated cyclotron frequencies, so the dependence of all of these integrals cancels out. The integral over from 0 to simply multiplies the integrand by . Then we find that the right-hand side of (38) becomes We then find (42) where in (42), is evaluated at . Since the exponential is decaying in , most of the contribution to is from the region in the integrand. That is the fluctuation which grew longest gives the greatest contribution.
Then, from , we can find from (37), multiply it by to determine the current. Putting it all together we find (43) In evaluating , we have assumed that in the integral, as usual, corresponding to the position of maximum spatial growth, so that only the perpendicular part appears in the expression for . The expression for can be further simplified by using the dispersion relation, (9) to give the result (44)
Taking the Fourier transform to find , the only dependence is in the exponent, so it gives a delta function in . Then doing the mode integral to determine , we find (45) where is the integrated real part of the imaginary part of the wave number, and we have assumed that the real part is . Thus, even for the case with no thermal spread, it takes a little while for the instability to emerge and get started growing exponentially. In fact, (45) predicts that the power would have to grow by about 10 dB before the effect of instability would become observable, for the case of the initially uncorrelated electrons. This corresponds with the nearly universal experience in particle in cell (PIC) or fluid simulations of instabilities; namely it takes a few folding times before exponential growth is established.
Keeping thermal effects further increases the number of growth lengths needed for the instability to become observable. Not only do the thermal effects reduce the growth rate, they also increase the number of folding lengths needed for the instability to become observable, as we will now qualitatively discuss. In calculating the right-hand side of (38) to arrive at (40), we used the fact that there is no thermal spread. That is the integrand is coherent over the entire length . However when using this result to calculate , we used the fact that the wave was growing exponentially, so the coherence length needed to produce the we calculated is only where is the imaginary part of .
For a thermal distribution, the coherence length is roughly (46) where is the thermal spread in parallel velocity and is the thermal spread in . If is less than , the , and also the factor in (45) is reduced by about . This is also approximately the reduction in growth rate due to a thermal spread. Let us recall that for the cold beam, is only about . Now, let us consider the various spreads which constitute . The spread in arises because the electron gun is imperfect and generates some parallel velocity spread, typically a few percent to ten percent. Reference [10] estimates that a 2% velocity spread gives a reduction in of about a factor of 3. The gamma spread arises because the beam space charge gives rise to a spread in gamma. As a rough formula, let us say (47) where is the beam current and is the space charge limiting current. For a gyrotron beam, the space charge limiting current [23] , expressed in terms of and is (48) For the gyrotron beam, the limiting current is about 70 amps, so for a 10 amp beam, the expression for is reduced by perhaps an additional factor of 1.5. Hence, thermal effects reduce the value of by as much as an additional factor of five. Hence, for these thermal beams, as rule of thumb, the instability must fold about 20-25 dB in power before its effects will be easily observable. As shown in [10] , for the best estimates of the field profiles and beam thermal spread, there is not nearly this much integrated power growth in the unstable region. Thus, the theory developed here gives a reasonable explanation for the lack of enhancement of shot noise in the gyroklystron.
To summarize, even for a cold gyrotron beam, it takes about an folding length before the effect of the instability is observable; that is the power must fold by about 10 dB. However, if the beam has velocity spread, the shot noise generated by the instability is reduced for two reasons, First, growth rate is reduced, so in an unstable region of given length, there is less total growth. Secondly, and the number of folds for the instability to become observable increases by about . Typically, for a thermal beam, 25 dB of power gain would be required for the effect of the instability to be important. Thus, thermal effects on the beam can very considerably reduce the effect of the contribution to the shot noise from the instability.
V. NONLINEAR EFFECTS
In this section, we briefly examine nonlinear effects. Since the strength of the instability is governed by the ratio , and this quantity is small, the instability is in some sense weak. Particle simulations have shown that it saturates at a relatively low level [12] , [17] . For instance, [12] calculates a normalized spread in magnetic moment generated by the instability. The dimensionless parameter defined is the normalized spread in magnetic moment generated by the instability, which is (49) The numerical calculations of the nonlinear evolution of the instability show saturation when becomes of order unity. The simulations of [17] generally give the same result. This is a rather small spread in perpendicular energy, perhaps a percent or two. The question is whether the amplifications derived in the last section causes a spread in of this level. It is easy to see that it cannot. In the multimode simulations in [12] , there are typically ten modes, so the overall periodicity time is ten times the reciprocal mode frequency, or about s for the 35 GHz case we examine. In the physical gyrotron with a 5-amp beam, about electrons enter in this time. However in the simulation, only about enter in this time. Thus, each simulation electron has the charge of about a million actual electrons, so the bare shot noise in the simulation is about times greater than in the physical system. However, the unstable perturbations still folds by about three orders of magnitude before saturation. Thus, the simulation would predict that the shot noise from the saturated state would be enhanced by something like nine orders of magnitude from the shot noise in the physical system. The calculated convective growth of the instability is far below this, so the shot noise is not affected by the nonlinear dynamics of the instability.
VI. CONCLUSION
If one wishes to use a gyroklystron for a radar or communication system, its noise properties are an important figure of merit. They must be considered along with the more usual figures, of merit such as frequency, power, efficiency, and bandwidth. One source of noise is inherent, namely the electron cyclotron shot noise. The fact that the beam is a stream of individual particles, rather than a uniform fluid, gives rise to noise from the individual particle's cyclotron radiation. This is analogous to shot noise in a linear beam tube. However, as with a linear beam tube, the dielectric response of the beam can have an important effect on the noise. There are at least three aspects of this dielectric response. First there are two of what we denote as transverse collective effects. The first of these is the dielectric shielding, if the beam were stable (for instance if it had a thermal rather than a loss cone distribution). We have shown that this dielectric shielding is, in almost all cases, negligible. The second is the effect electrostatic instability. We have shown here how to incorporate the instability in the formulation and calculate its effect on the cavity shot noise. Generally, we find that for a beam with a very small thermal velocity, about 20-25 dB of power amplification are required before the instability will have a noticeable effect on the shot noise. Since recent estimates show there are fewer growth lengths, this paper provides a reasonable explanation for the fact that instability is not observed in the data. In fact, the data shows that the shot noise is reduced as the beam current increases. One might, at first, think that this is evidence of transverse shielding, but as mentioned, this is not the case. It seems as though this reduction might result from the third collective effect. This is longitudinal shielding of the beam in the acceleration region. For a space charge limited beam, previous studies have shown that this shielding reduces the shot noise to nearly zero. In a future work, we hope to investigate the effect of longitudinal shielding on a gyrotron beam as one approaches the space charge limit from below.
